Diiaoss  b;si-itute 

oi   feciuiology 

UNIVERSJlTy  LfBIl/UUES 


lAT   538 
JGrodsky,    M. 

[The  practical  aspect  of  the 
slope  deflection  method  and 


For  Use  in  Lirasy  Only 


Digitized  by  tine  Internet  Arcliive 

in  2009  witli  funding  from 

CARLI:  Consortium  of  Academic  and  Researcli  Libraries  in  Illinois 


http://www.archive.org/details/practicalaspectoOOgrod 


The  Practical  Aspect  of  the 
Slope  Deflection  Method  and 
ITS  Application  to  the  Design  of 

THE  Roosevelt  Road  Viaduct 


A  THESIS 


PRESENTED  BY 

Morris  Grodsky 

TO  THE 

PRESIDENT  AND  FACULTY 

OF 

ARMOUR  INSTITUTE  OF  TECHNOLOGY 

FOR  THE  DEGREE  OF 

CIVIL  ENGINEER 


MAY  27, 

1920 

APPROVED: 

1  jg"\y^ 

(.A^ 

Professor  of  Civil  Eneineerine 

"~"  *  / 

^■^ 

ILLINOIS  INSTITUTE  OF  TECHNOLOGY 
PAUL  V.  GALVIN  LIBRARY 
35  WEST  33RD  STREET 
CHICAGO,  IL  60616 

Dean  of  Erwiineerine  Studies 

Dean  of  Cultural  Studies 

P  R  E  g  A  C  B. 

The  present  work  covers  two  distinct  problems. 
?or  ease  and  clearness  they  are  treated  separately 
in  what  follows.   The  prohlem  dealing  v;ith  the  prac- 
tical aspects  of  the  slope-deflection  method  has  its 
proper  place  at  the  beginning.   The  other  problem, 
applying  the  slope-deflection  method  to  the  anelysis 
of  stresses  in  a  typical  section  of  the  Roosevelt 
Pwoad  Viaduct,  follov/s  the  first. 

In  this  work  no  claim  is  made  to  originality 
in  working  out  and  applying  the  principles  of  the 
slope-deflection  method.   However,  the  derivation 
of  slope-deflection  equations  to  apply  to  straight 
members  with  varying  moments  of  inertia  has  not 
appeared  in  print  before. 

Works  on  the  slope-deflection  method  puljlished 
heretofore  usually  derive  the  fundamental  equations 
and  show  their  application  to  a  theoretical  case. 
V/hen  en  application  to  a  practical  case,  however, 
is  attempted,  difficulties  in  working  out  details 
ere  encountered.   The  present  work  contains  an  analysis 
and  an  investigation  of  these  details  (such  as  finding 
the  average  moment  of  inertia  and  the  loading  factor 
for  a  member  with  varying  moment  of  inertia)  as  well 
as  an  applicaiiion  of  the  fundamental  equations  and 
details  to  a  practical  case.     ^^^^i^ 


Thanks  are  hereby  expressed  to  Lir.  H.  E, 
Young,  Engineer,  of  Bridge  Design,  City  of  Chic- 
ago, for  permission  to  use  data  and  blueprints 
pertaining  to  the  Roosevelt  Road  Viadiict. 
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PART  I. 


PRACTICAL  ASPECT  OP  THE  SLOPS 
DSPLEGTIOII  METHOD. 


4-a. 


CHAPTER  I. 
IHTRODUCTION. 

In  the  last  few  years  there  has  been  an  unusual 
increaae  in  reinforced  concrete  construction.   This 
increase  was  partly  due  to  the  war  with  the  attendant 
scarcity  of  structural  steel  for  building  purposes, 
but  largely  due  to  advantages  inherent  in  the  material 
itself. 

Along  with  this  increase  came  the  development 
of  the  rigid  frame  type  of  buildings.   In  factory  con- 
struction concrete  roof  girders  rigidly  connected  to 
roof  columns  replace  steel  roof  trusses.  The  same  is 
true  of  school  buildings. 

It  is  not  necessary  to  dwell  here  on  the  proper- 
ties of  concrete  making  for  monolithic  structures.  The 
use  of  concrete  for  such  structures  is  now  considered 
as  an  established  practice.   Concrete  as  poured  under 
ordinary  conditions  gives  a  practically  monolithic 
structure  and  with  a  little  extra  precaution  in  the 
mixing,  handling  and  pouring  it,  the  resulting  mater- 
ial will  satisfy  all  assumptions  of  relative  rigidity 
made  in  the  design  of  rigid  frames. 

The  development  of  the  rigid  frame  type  of  build- 
ings calls  for  greater  refinement  in  the  usual  methods 
of  analysis  and  design.  The  bending  moment  constants 
(  l/S,  l/lO,  and  l/l2)  used  in  designing  ordinary 
buildings  cannot  be  properly  applied  to  the  analysis 
of  rigid  frame  structures.   Application  of  such  con- 
stants would  not  give  the  proper  proportions  to  the 
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members,  henoe  the  structure  would  not  be  economical. 
Also,  since  concrete  is  weai  in  tension,  and  is  to 
be  reinforced  with  steel  wherever  tension  occurs,  it 
becomes  important  for  the  safety  of  the  structure  to 
know  the  distribution  of  stress.  Such  distribution 
is  not  given  with  any  degree  of  accuracy  by  the  usual 
moment  coefficients.   This  is  the  reason  for  the  ap- 
pearance in  engineering  periodicals  of  numerous  arti- 
cles which  either  work:  out  methods  of  analyzing  stresses 
in  rigid  frames  or  give  short-cuts  to  avoid  excessive 
computations  involved  in  these  methods. 

There  are  two  ]mown  methods  of  analyzing  stresses 
in  rigid  frames :  the  method  of  least  work  and  the  elas- 
tic. 

The  least  work  method  is  based  on  a  theorem,  re- 
lating to  internal  work,  and  derived  by  Menabrea  in 
1858.  The  first  applicationaof  the  theorem  were,  made 
by  A.  Castigliano  in  1879.   In  English  there  are  only 
a  few  books  on  this  subject.  This  lack  of  interest 
is  in  part  due  to  the  fact  that  the  method,  because 
of  the  great  amoimt  of  computations  required,  is  not 
popular. 

The  elastic  method  is  based  on  the  differential 
equations  expressing  deflections  in  terms  of  moments. 
There  are  several  books  treating  this  method.  Among 
them  may  be  mentioned  Johnson,  Bryan  and  Txirneaure's 
Modern  framed  Structures,  Volume  E.   This  method  is 
as  complicated  as  the  least  work  method  as  far  as  com- 


putations  are  concerned. 

Recently  another  method  made  its  appearance. 
The  slope-deflection  method  was  first  used  for  cal- 
exilating  secondary  stresses  in  trusses.  But  later 
it  was  applied  to  analyzing  stresses  in  frames  due 

to  loads  and  variations  of  temperature. 

eiast/'c 
A   comparison  of  the  least  worlc^^and  slope  de- 
flection methods  will  be  given  in  chapter  4. 
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GH^TSR  II. 

HBYiaw   OF  gHE  DEVaLOPLiEIIT   Qg  THE 
SLOPE  DEx^LSCTIOII  IIETEOD. 

The  first  appearance  of  the  method  in  the 

an 
ijnerican  press  was  in/\article  by  ?.  C.  Zunz  in 

the  Engineering  Kev;s,  Oct.  5,  1911,  entitled 
"Secondary  Stresses."  Lir.  Kunr-  refers  to  Otto 
Mohr  as  the  inventor  of  the  method.   It  is  ap- 
plied to  obtain  the  bending  moment  at  the  joint 
of  a  member  in  a  steel  truso,  when  one  end  of  the 
member  deflects  and  changes  ito  inclination  with 
respect  to  the  other  end.   Mr.  Kunz  indicates  the 
derivation  (analytical)  of  the  f-ondamental  equa- 
tions for  such  a  cese.   His  eq.uations  are  incomplete 
insofar  as  they  do  not  take  in  the  influence  on  the 
bending  moment  at  the  joint  due  to  a  load  on  the  mem- 
ber. 

In  March  1915  appeared  a  bulletin  by  a.  A.  Maney, 
entitled  "Secondary  Stres jbs  and  Other  Problems  in 
xligid  J'rames:  a  New  Method  of  Solution"   (  Univer- 
sity of  Minnesota,  Studies  in  Engineering  7/=l  ). 
Mr.  Maney  gives  a  complete  derivation  of  the  fund- 
amental eductions,  including  the  case  of  any  system 
of  leads  on  the  member. 


^ 


He  uses  "area-moments"  to  find  deflections  and 
slopes.*  The  equations  derived  in  this  bulletin 
ere  not  in  the  form  in  which  they  are  now  used. 
However,  they  can  he  brought  to  the  standard  form 
by  a  simple  trensforraation. 

In  June  1915  appeared  Bulletin  Ko.  80,  Univ- 
ersity of  Illinois,  iilngineering  Experiment  Station; 
"?/ind  3tres.:es  in  the  Steel  frames  of  Office  Build- 
ings" by  W.  1.1.  Wilson  and  G-.  A.  Llaney.   (  A  part 
of  this  bulletin  v/as  printed  in  the  Journal  of  the 
Western  Society  of  Engineers,  April  1915,  Page  S65. ) 
The  bulletin  credits  the  theoretical  work  to  Llr. 
Maney.   The  fundamontal  eauations  are  derived  (using 
area-moments)  in  the  form  in  which  they  are  now  used, 
but  the  caae  of  loading  on  the  member  is  not  woriied 
out.    It  is  interesting  to  tiuote  the  assumptions 
upon  which  the  analysis  is  based: 

1.  "The  connections  between  the  colxzmns 

and  girders  are  perfectly  rigid. 

2.  "The  change  in  length  of  a  member  due 

to  direct  stress  is  equal  to  zero. 

*  Jov   a  complete  study  of  "area-moments"  see  "Grraphical 
Calculus",   by  Profes.jor  C.  .'..   Ellis  in  the  Journal  of 
the  Westei-n  Society  of  Engineers,  i-.pril  1917. 
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3.  "The  length  of  a  girder  is  the  distance 

between  the  neutrel  c-xes   of  the    coliiriins 
v:hich  it   connects;    i.nd   the   length  of  a 
ooliiiun  is  the   distance  between  the  neu- 
tral axes   of  the   girders   .Yhich  it   connects 

4.  "The  deflection  of  a  member  due  to  in- 

ternal shearing  streaaes  is  equ.l  to 
zero." 

The  ncjne  of  the  method  (slope-deflection)  appears 
in  this  bulletin  for  the  first  time. 

"The  Concrete  Engineer's  HandboOiC''  by  <3r,   .1.  Hool 
and  ]Ji.    C.  Johnson  has  two  chapters  on  the  slope-de- 
flection method.   The  fundamental  equations  cxe   de- 
rived by  means  of  "area-moments"  in  the  first  chcjpter. 
But  the  deriv-^tion  is  not  rigid,   ^'or  instance  :  on 
page  412  of  the  first  edition  i.re   given  tv;o  eciuations: 

from  which  the  i-uthors  claim  that 

may  be  obtained.   But  '^o'^   solving  these  two  eciuations 
simultaneously    ^&a^    —  2£/([2^j>-f-^A  ~^-^)- 

is  obtained. 

In  a  subsecjuent  chapter  of  the  booi:,  the  autiiors 
apply  the  slope- deflection  method  to  a  viaduct  frame. 
The  ax^plication  is  theoretical^ giving  moments  c-.t  the 
joints  of  the  frame  for  various  conditions  of  load  and 
for  temperature  variations. 

/O 


In  May  1919  appeared  Bulletin  #108  of  the  Univ- 
ersity of  Illinois  Engineering  Experiment  Station: 
'Mnalysia  of  Statically  Indeterminate  Structures  by 
the  Slope- Deflect ion  Method"  by  W.  M.  Wilson,  ^.   E. 
Richart  and  0.  Weiss.   [The  fundament-.-l  eLi_uations  are 
derived  by  means  of  "area-moments".   They  are  first 
applied  to  continuous  beams  and  the  slope-deflection 
form  of  the  three  moment  theorem  is  v;oi-i£od  out.   Then 
they  are  applied  to  a  portal  frame  under  various  loads 
and  various  end  conditions.   Then  an  application  is 
rac.de  to  a  £  span  frame. 

The  assumptions  upon  which  the  applications  are 
made  are  as  follows  (see  Page  88  of  bulletin): 

1.  The  connections  are  perfectly  rigid. 

2.  The  length  of  a  member  is  not  changed  by 
axial  stress. 

3.  The  shearing  deformation  is  zero. 

The  discussion  of  the  assumptions  is  of  interest. 

In  the  Ju-fl.  Soc.  Oiv.  Eng.  Proc.  of  August,  1919, 
Mr,  G.  A.  Maney  discusaes  the  application  of  the  slope 
deflection  method  to  curved  beams  and  arches.   The  for- 
mulas derived  are  complicated,  especially  for  the 
oase  of  loading  on  the  member. 


// 


CHAPTER  III. 

DBHIV/.TIOIT  OF   TEE   gUIIDillaSUTAL 
EC^LJATIONS. 

In  the  worics  reviewed  in  Chapter II,  the  methods 
used  for  deriving  the  fundamental  equations  i-xe   the 
analytical  und  the  "are a- moment".     Both  methods 
possess  their  advantages  and  disadvantages.  The  an- 
alytical method, wiiile  involving  tedious  transforma- 
tions, possesses  the  advantage  of  simplicity  in  begin- 
ning the  derivation  and  ease  in  handling  signs  of 
quantities.   The  "area-moment"  method  has  less  alge- 
braic transformations,  hut  is  more  complicated  as 
regards  signs. 

In  vie\7  of  these  facts,  and  also  bec-.use  pre- 
vious vvorlcs  have  ull  used  the  "area-moment"  method 
(v/ith  the  exception  of  Professor  Kunz ) ,  the  unaly- 
ticc.l  method  for  the  derivation  of  the  fundamental 
ecxUi-.tions  is  adopted  in  this  v/orii. 

As  n  preliminary  it  is  necessary  to  find  L.n   ex- 
pression for  the  moment  at  eny  point  of  ..  member  sub- 
jected to  end-moments,  but  without  superimposed  loed- 
ing . 
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c/oc/d/p'/se     ro/a-//o/?     are  ^os///'^'e-.      /w     /97ea/7S 

•/t>t^ard    A.        777C5j     /r7     >^-/^       A//t     meatus    /^0^^e/7^    a^  ///     /^ca 
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at  S     -for     f/pc     r/y/jf  ha/^c/    /^c/rf   ^  i^h/'c/?     /s    cfc/^/^Z/'ec/    A^    /Ac^ 
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CILVPTER  IV. 

GOT^IPARISOTT  WITH   OTHER  FETHODS. 

In  order  to  make  a  comparison  between  the  various  meth- 
ods of  analyzing  statically  indeterminate  structures, it  is 
necessary  to  start  from  a  point  common  to  all  and  proceed 
to  the  differences. 

In  examining  the  assumptions  underlying  the  various 
methods  it  is  found  that  they  are  the  same  in  all  of  them. 
These  assumptions  are  as  follows:  - 

1«  The  deformations  due  to  normal  and  shearing  forces 
are  relatively  so  small  as  to  be  negligible  with- 
out appreciable  error. 

2.  The  Joints  are  assumed  to  be  rigid. 

3.  Horizontal  and  vertical  members  are  assumed  acting 
along  single  lines  at  or  close  to  their  neutral  axes. 

4.  The  length  of  a  member  is  the  length  of  the  line 
representing  it  in  the  skeleton  diagram  between 
other  lines  intersecting  it. 

5.  All  formulas  include  the  moment  of  inertia.   Hence 
some  preliminary  assumptions  as  to  what  its  value  will 
be,  have  to  be  made. 

From  this  common  ground  the  differences  between  the 
various  method?  will  now  be  examined.   The  following  is  an 
illustration  of  the  analysis  of  an  L  Jrame  by  the  three  meth- 
ods. 


2? 


B 

-^        ^P 

K    ' 

^ 

^z 

^ 

A 

r 

^  coin      ^<i\/€      rto     mt^yfe  t97*nf' 


,Kr 


/v^.  /^ 


fytce 


Ui 


/I 


/y. 


OA 


CO 


30 


//  **^ 

/^escff-f^      £:>fi/e         fd       3   easels        a-p       l/Ct^-Z/'^cf/      /ocr<//Vt^ 
aye    sAoi^fi       /f7     Tiy^/e.    M-^^      T/?€se      tau/H    arc   oIf¥ci/tie.c/    ^y 

J/ 


-^ 


H 


M. 


'AB 


f/^.   /S 


M^ 


ec 


TA31EZ 


n 


£k. 


F/f.    /6 


V' 


*7^cs 


Load. 


Case    / 


Case  <? 


ntiif'tttttunlt 


iv'^/^t 


A^ 


Case  3 


c. 


ffc 


■Fa(h.M:i. 


14/1 


//t 


-^^/n 


//f 


C 


3C 


/% 


'A3 


-h 


Fa 


r^-^^: 


-f    W' 


n 


70 


^0  j^i,-^i;h 


Af. 


BA 


fhCh-oF     l^ 


-j;^>^^ 


/^i 


ec 


-  Ff. 


6A 


Mi 


C0 


H 


V 


/2      il^  *AI, 


-/V. 


SA 


'AIba 


H/h  Zh 


ivi' 


U> 


P      J^ 


Sh      J>I^-*UI, 


8 (hi,  ^hl^] 


30  (I^ir^lh)         yo 


c/ey  /VcJ         a^o  ve. 


3Z 


'it*' .  o 


ji 


33 
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out  here. 

DISCUSSIOIJ  OF  ADVANTAGES. 

1.  The  fundamental  equation  of  the  slope  deflection 
method   ^     2Er /-^a  ^^   -  3cl 


^As-   '4-'f2e^-^e,-^^}^c, 


AB 


is  simpler  and  easier  to  remember  than  the  equations  of  the 
elastic  method  ^^^^  . ^ ^^^ 


J       £1        ''       /rr 


£1      ■  /      SI  .  --  ^^ 


£J        '        £Z 
The   equation   of   the  least  work  method 

^  ^  EI     7^ 

where  /^  is  any  unknown  force  or  moment,  is  also  simpler  than 
the  equations  of  the  elastic  method. 

2. The  fundamental  equation  of  the  slope  deflection  method 
is  easy  to  apply  to  a  case  in  hand,  involving  a  knowledge  of 
only  the  loading  factor  and  the  moment  of  inertia.   The  load- 
ing factor  for  all  usual  conditions  of  load  is  given  in  Table 
1,  Chapter  III  (as  well  as  in  several  other  publications)  , 

An  application  of  the  fundamental  equations  of  the 
elastic  and  least  work  methods  to  a  problem  involves  the 
moment  of  inertia  and,  m^ost  important,  several  integrations. 

3.  The  slope  deflection  method  does  not  involve  the  use 
of  calculus  (for  ordinary  conditions  of  loading);  while  the 
other  methods  depend  upon  calculus  in  solving  for  any  condi- 
tion of  loading,  ^ 

4.  The  combining  of  the  fundamental  equations  of  the 
slope  deflection  method  into  the  gerteral  equations  for  the 
frame  (equation  2  in  the  example)  is  a  matter  of  addition  of 
algebraic  terms; 


SS 


whereas  in  the  other  methods  (see  example  for  obtaining  equations 
1,  2,  and  3  by  least  work  and  equations  4,  5,  and  6  by  the  elas- 
tic)  it  is  a  complicated  integrating  process. 

5,  The  frajne  equations  thus  obtained  by  the  slope  de- 
flection method  (equation  2)  are  in  a  form  which  lends  itself 
to  a  quicker  solution,  than  that  of  the  equations  obtained  by 
least  work  (equation  1,  2,  and  3)  and  the  elastic  (equation  4, 
5,  and  6)  methods. 

6.  By  means  of  the  slope  deflection  method  moments  at 
the  joints  can  be  worked  out  for  a  general  aase  of  loading; 
specific  cases  may  be  substituted  afterwards  without  many  com- 
putations (see  Table  2), 

In  the  other  methods  involving  integrations  of  term.s  con- 
taining the  load,  such  a  procedure  would  complicate  the  frame 
equations  to  an  extent  where  the  usefulness  of  this  step  would 
be  lost. 

To  K«8ume;  the  example  worked  out  above  is  an  illustra- 
tion of  the  ease  of  applying,  the  fewer  computations  and  ab- 
sence of  integrations  in  the  slope  deflection  method. 

In  more  complicated  frames  the  analysis  by  means  of  the 
elastic  and  least  work  methods  becomes  still  more  com^plicated 
as  compared  with  the  slope  deflection  method. 
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p..   APPLICA':'ION  OF  FUNDM^^'^T AX  SQ.U\TIOFS . 

Due  to  various  factors  ^  the  moment  of  inertia  of  concrete 
"beams  (and  sometimes  of  steel  beams)  is  not  constant  throughout 
their  entire  length.   In  concrete  beams  the"  moment  of  Inertia 
varies  practically  from  point  to  point.   The  equations  derived 
above  have  a.  special  application  in  a  number  of  cases  of  beams 

restrained  at  the  ends. 

in 

1.  In  bridge  a/?d^building  construction  one  encounters 

sometimes  girders  carrying  unusually  heavy  loads,  but  limited  in 
size  by  some  considerations.   In  such  girders,  vrhere  in  order  to 
increase  the  resisting  moment,  advantage  is  ta^en  of  a  haunch 
near  the  support,  or  of  a  curved  underside,  or  of  T-action,  the 
moment  of  inertia  will  vary  considerably  and  the  variP,tion  will 
have  an  effect  on  the  distribution  of  the  bending  moments.   In 
"beams  of  smaller  size  it  is  easy  to  provide  extra  material  and 
so  to  take  care  of  an  unknown  distribution  of  bending  moments. 
Eut  in  heavy  girders  such  practice  would  be  uneoonom.ical  a.nd  un- 
safe.  A  more  exact  knowledge  of  the  distribution  of  bending  mo- 
ments may  be  obtained  by  the  use  of  the  above  equations. 

2.  In  the  usual  designing  methods  a  constr.nt  mom.ent  of  in- 
ertia of  concrete  beams  is  assured.   For  designing  ordinary  beams 
this  is  close  enough,  but  it  is  necessary  to  know  the  limitations 
of  the  designing  methods.   In  most  concrete  beajas  there  is  a  haunch 
near  the  support,  increasing  the  negative  moment  at  the  support  be- 
yond the  value  usually  assigned  to  it,  and  diminishing  the  positive 
moment  at  the  center. 

*  These  factors  are  discussed  in  the  next  chapter. 
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Sometimes  there  are  T-flanges  in  the  middle  portion  of  the  beam. 
This  changes  the  moment  of  inertia  cf  the  'heam   and  hence  affects 
the  distribution  of  bending  moments.   The  extent  of  the  influence 
of  these  factors  can  "be  rea,dily  determined  by  the  use  of  the  equa- 
tions derived  above. 

3,  Take  a  beam  and  continually  decrease  its  center  section. 
Each  end  of  the  beam  will  then  approach  in  action  a  cantilever  — 
until,  when  the  center  section  becomes  zero,  it  will  become  a  can- 
tilever.   The  moment  at  the  center  v;ill  vary  from  ^^   (considering 
beams  with  reetrained  e-nds  only)  to  zero.   For  any  intermediate  case, 
the  moment  at  the  center  can  be  obtained  by  using  the  equations  de- 
rived above.   This  is  a  useful  application  in  caj^es  where  for  prac- 
tical considerations  the  center  section  cannot  be  made  heavy  enough 
to  resist  to  bending  moment  coming  on  it.   The  beam  may  then  be  de- 
signed with  a  distribution  of  the  moment  of  inertia  along  its  axis, 
v/hich  will  increase  the  bending  moment  at  the  supports  and  decrease 
it  at  the  canter  until  it  becomes  equal  to  the  resisting  moment  of 
that  section.- 

4,  By  introducing  a  factor  containing  the  effect  of  the  hor- 
izontal thrust,  the  above  equations  will  be  modified  to  apply  to 
arches.   By  this  method  continuous   arches  of  several  spans  may  be 
analyzed. 
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CHAPTER  VI. 
DETAILS. 

The  fundamental  equations  of  the  Slope  Deflection  method 
show  that  the  moment  at  the  joint  of  a  member  depends  on  the 
moment  of  inertia  of  the  member.   Thus  in  the  equation 

the  term  I   stands  for  the  moment  of  inertia  of  the  member. 

In  analyzing  rigid  frames  the  fundamental  equations  for 
the  ends  of  each  member  are  written  out.   The  equations  for  the 
members  around  each  joint  are  summed  up  and  equated  to  zero. 
By  solving  these  equations  the  moments  at  the  joints  are  obtained, 

Let  n  members  meet  at  any  joint  0  of  a  frame. 
The  fundamental  equations  for  the  end  G  of  the  members  meet- 
ing at  that  joint  will  be  of  the  type: 

The  sum  of  these  equations  around  joint   0   equals  zero.   Hence 


z£r^ 
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-f- -^        ^U^/X&y-^0^-'^4^'^)-^C'oA,     ^O      {0 

Divide    thro  by       lo^  , 
Equation   (l)    becomes: 


-ZEToy  /^^    .^   _3^ 


When  the  equations  for  all  joints  have  been  solved 
Blmultaneously,  the  unknowns  will  be  found  to  have  values  of  the 

-Y—  •  T  (  ^oAy  £os, Ca- y 

(where    f   means  a  function  of). 
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SubBtituting  these  values  of  the  unknowns  into  the  fundamental 

equations  for  momente,  will  give  values  of  the  moments  at  the 
j  oints. 

All  thes-e   values  will  then  contain  a  factor  of  the  type 

X 

-z^      ,      Thus  the  moments  at  the  joints  depend  upon  the  ratio 

of  the  moments  of  inertia  of  the  various  members  of  the  frame. 
Prom  this  follows,  that  when  the  ratio^  of  the  moments  of  iner- 
tia- is  known,  the  moments  at  the  joints  may  be  obtained,  even 
though  the  actual  values  of  the  moments  of  inertia  are  not 
known . 

This  is  of  great  value, as  in  concrete  construction  only 
Relative  values  of  the  moment  of  inertia  may  be  calculated. 

The  following  is  a  discussion  of  the  methods  for  obtain- 
ing approximate  values  of  I  for  members  of  concrete  frames, 
and  their  influence  on  the  relative  values  of  I  for  various 
members  of  the  frame. 

In  general  members  of  concrete  frames  are  divided  into  two 
classes: 

1,  Beams,  or  members  subjected  mainly  to  bending 

stresses,  and 

2.  Columns,  or  members  subjected  nainly  to  direct 
stresses. 

To  obtain  the  I   of  a  concrete  beam  is  a  complicated  prob- 
lem.  The  ultimate  tensile  Strength  of  concrete  is  about  250  or 
300  lbs.  per  sq.  in.    When  the  beam  is  loaded  so  that  the  re» 
inf orcing  steel  is  stressed  to  16000-20000  lbs.  per  sq.  in. , 
the  tension  side  of  the  beam  cracks  up  to  about  the  neutral  axis. 


I   stands  for  the  moment  of  inertia. 
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In  this  case  the  full  section  ie   not  effective  in  obtaining  I 
of  the  beam.    The  area  effective  for  I   is  the  part  of  the  sec- 
tion extending  from  the  compressive  face  of  the  section  to  some 

distance  below  the  neutral  axis.    This  distance  can  only  approx- 
imately be  ascertained  by  analyticalmethods.   It  depends  to  a 
great  extent  on  the  qualities  of  the  concrete  at  aru  near  the 
section  considered. 

Another  difficulty  encountered  in  getting  I   of  concrete 
beans  is  the  fact  that  it  is  not  uniform  throughout  the  length 
of  the  beam,  but  varies  from  section  to  section.   In  a  simple 
beam  of  constant  cross-section  this  variation  is  not  great,  since 
it  is  due  only  to  the  bent  up  rods  and  to  the  stirrups.   But  in 
fixed  or  restrained  beams,  where  at  the  ends,  there  are  bending 
moments  of  some  magnitude,  and  the  beam  is  chantjed  in  cross  sec- 
tion, this  variation   of  I   becomes  more  important. 

The  case  of  columns  is  different.    The  compression  due  to 
the  direct  load  balances  in  most  cases  the  tension  due  to  bend- 
ing.   Even  when  the  tension  exceeds  the  compression  by  100  or 
150  lbs.  per  sq.  in. ,  there  ate  still  no  cracks  in  the  section. 
This  allows  the  use  of  the  full  section  in  finding  I  of  a  column. 

The  moment  at  the  joint  of  a  column  and  a  beam  depends  on 
the  ratio  of  I's  of  the  beam  and  column.   When  the  J. '  s  of  the 
beams  and  columns  are  obtained  with  the  same  degree  of  accuracy 
the  resulting  value  of  the  moment   at  the  joint  will  be  correct. 
But  when  I   of  one  member  is  found  more  accurately  than  of  the 
other,  the  ratio  of   I's  and  hence  the  value  of  the  moment  at  the 
joint  will  not  be  correct. 


^/ 


While  it  is  easy  to  obtain  a  ciore  or  less  accurate  value  of 
I   of  a  coluinn,  it  is  difficult  to  obtain   I   of  a  bean.   It  then 
becomes  important  to  devise  sorne  methods  of  finding  the   I   of  a 
beain  with  about  the  same  degree  of  accuracy  as  that  of  a  column. 

A.   I   OF  A  SEC?  I  PIT  AT  MiVXIMUM  ^TOMSMT. 

As  was  mentioned  before  the  concrete  on  the  tension  side  of 
a  loaded  beam  cracks  and  leaves  only  a  part  of  the  section  eff ec  ~ 
tive  for  I.    Since  concrete  can  take  a  small  amount  of  tension, 
the  cracks  will  not  go  to  the  neutral  axis.   This  is  the  basis  on 
which  Mr,  S.  E.  Thompson  calculated   I   for  beams  when  making 
studies -for  his  "Treatise  on  Concrete". 

Prof,   R.  E.  Spaulding  agrees  substantially  with  such  a  pro- 
cedure, alth';agh  he  thinks  that  the  part  of  the  section  taking  ten- 
sion is  close  to  the  neutral  axis  and  has  only  a  slight  influence 
on  I.    Accordingly  he  uses  for  olbtaining  I  only  that  part  of 
the  concrete  which  is  in  compression. 

To  show  the  variation  in  the  value  of  I  when 

a.  only  the  compressive  part  of  the  concrete  is  usedj 

b.  due  allowance  is  made  for  the  ability  of  concrete 
.to  take  soine  tensionj 

c.  the  full  section  is  used; 


-fhc    :h//o^if^^     jLKa/07/>/4^s    ore    yvor^ec/  out. 


See  hi?   letter   to    the  Editor   in   the  Eng.    ITews    of  Jan.    13,    1910. 


EXAMPIiE_jL   Consider  section  of  beam  as  shown  in  Fig.  19.   Assume 
n  =^  15.    The  three  cases  are  worked  out  in  tabular  form  on  page 
55.    For  cases  ih    ,    2l>   ,    and  zh     in  this  and  in  the  following 
examples,  depths  of  concrete  sections  effective  for  I   were  ob- 
tained by  assuming  a  tensile  stress  in  the  concrete  of  about  200 
lbs.  per  sq.  in. ,  and  in  the  reinforcing  steel  of  16000  lbs. ,  per 
8%.  inph. 

EXAICET'S  2  Consider  section  of  beam  as  shwwn  in  Fig.  20.    Assume 
n  =  15.    The  three  cases  are  worked  out  in  tabular  form  on  page  §6/ 
EXAI'iEPLE  3.  Consider  section  of  beam  as  shown  in'Fig.  21,    Assume 
n  —  15.    The  thr^e  cases  are  worked  out  in  tabular  form  on  page 

57. 

EFFECT  OF  VARYI^-^G  THE  MIOUUT  OF  TENSILE  REIWFOHCEtJ^IWT. 

With  smaller  araounts  of  tensile  steel  in  the  section,  that  is  with 

smaller  /?  ,  the  neutral  axis  will  be  nearer  the  compressive  face 

and  therefore  a  smaller  part  of  the  concrete  section  will  be  ef- 
fective for  I  .  Hence  the  ratio  of  I  obtained  by  using  the 
full  section  to   I   obtained  by  using  the  uncracked  section,  will 

increase.  With  higher  percentages  of  steel  the  reverse  will  be 
the  care.' 

EFFECT  OF  VARYTJTG /^^ 

Increasing  /^^    brings  the  neutral  axis  closer  to  the  compressive 
face.    Accordingly  a  smaller  part  of  the  section  remains  effec- 
tive for  I   and  the  ratio  of   I   of  the  full  section  to  I   of  the 
uncracked  section  increases.   Decreasing  p^  decreases  this  rritio. 

EFFECT  OF  T   FL^TTGES. 

Adding  T  flanges  to  the  beam  brings  the  neutral  axis  nearer  the 
compressive  face  of  the  section.    It  therefore  decret.ses  the  sec- 
tion effective  for   I   and  increases  the  ratio  of   I   of  the  full 
section  to   I   of  the  uncracked  section. 
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These  three  examples  and  the  discussion  show  that: 

1.  to  neglect  the  part  of  the  concrete  taking  tension 
dees  not  lead  to  any  appreciaTole  errors* 

2,  to  use  the  full  section  as  effective  for  I   gives 
results   ''.vhich  are  about  twice  as  large  as  those 
obtained  by  using  the  uncracked  section. 

It  was  shown  before  that  the  moments  at  the  joints  of  a 
frame  depend  on  the  ratio  of   I   of  the  beai.is  to   I   of  the 
columns,  and  that  the  full  section  may  be  used  to  obtain   I 
of  a  column.    Hence  if   I   of  the  section  of  maximum  stress 
be  considered  the  criterion  of  the  moment  of  inertia  of  the 
beam,  then  the  ratio  of   I   of  the  beam  to   I   of  the  col-omn 
when  using  the  full  beam  section  will  be   about  two  times  as 
large  as  that  ratio  when  using  the  uncracked  beam  sectio.'. 
Doubling  the  ratio  will  produce  large  changes  in  the  distri- 
bution of  moments  in  the  frame. 

The  foregoing  conclusions  as  to  the  part  of  the  concrete 
section  effective  for   I   applies  to  the  section  of  maximum 
stress.    Under  smaller  stresses,  the  cracked  area  will  not  be 
so  large,  and  the  r^tio  of   I   of  the  full  section  to  I   of  the 
uncracked  section  will  be  less  than  two. 

A  restrained  beam  under  load  has  three  points  of  maximum 
stress:   at  the  center  and  at  the  two  supports.    Between  these 
points  the  stress  gradually  diminishes  until  it  beoximes  zero 
at  the  points  of  contraflexure. 

Thus  at  the  center  and  at  the  supports  the  section  effective 
for  I   is  a  minimum.    As  the  section  moves  toward  the  point  of 
contraflexure  a  larger  p-art  of  it  becomes  effective  for   I  ;  near 
the  point  of  contraflexure  the  full  section  is  effective.    In 
order  to  find  the   I   of  a  beajn,  it  is  necessary  to  evalu'^.te  the 
relative  influence  of  the  full  sections  near  the  point  of  contra- 
flexure and  of  the  cracked  sections  at  and  near  the  points,  of  max- 
imum stress. 

*  see,  also  k.  R".  Spaulding's  Letter  to  the  Editor  in  the  Bng. 
News,  Jan.  13,  1910. 
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■B.         1      UJ?    A   CONCRETE  BEAM. 

EFITECT    0?  A  HAUNCH  NEAR ,  THE   SUipPQRT. 

It  is  the  usual  practice  in  designing  reetrained  "beams  to  provide 

for  haunches  at  the  supports.    The  rec.sons  for  the  haunches  are: 

a.   the  tending  noment  at  the  support  is  soiiietimes  larger 

than  at  the  center, 
h.   the  center  section  may  have  T  flanges, 
c.   the  section  at  the  support  may  be  strong  enough  for 
bending  monent,  tut  not  for  shear. 

To  find  the  effect  of  the  increased  section  at  the  su-oport,  example 

4   is  worked  out. 

EXAIIPLE  4   let  the  center  section  be  the  ssjne  af?  in  example   1, 

page  53,    Assume  the  section  at  the  support  to  be  5"   deeper. ,  and 

to  have  to  resist  a  moment  50%   higher  than  the  moment  at  the  center. 

In  example   1^  K=.415    ,  hence     j  -    .862   Ass-orie  f<^  =  750  lbs  per 

sq,  in.    Then  the  resisting  moment  of  the  section 

=  i  X  750  x.415  x  ,862  x  12  x  26  x  26  =■  1089000  in.  lbs. 
Assume  the  resisting  moment  at  the  support = 1089000  x  1.5  =  about 
1500000  in.  lbs.    The  section  is  as  shown  in  Fig.  22  and  the  work 
is  tabulated  on   page  (pO   . 

In  comparing  the  results  of  example  aI?    with  those  of  exam- 
ple ih      it  is  noticed  that  the  reinforcing  steel  changed  from  3.06 

sq.  in.  in  example  IP        to  3.53  sq.  in.  in  exairple  4 /?  (l5.5/o  incrc^&(^ 
the  depth  of  the  section  changed  from  28  in.  to  33  in.  {ll.Sfo   incre.-i  ce). 

but  I  changed  from  15815  in.  to  26180  in.  (65^  increase).  Thie 
shows  that  a  15-20^iJ  increase  in  the  section,  increases  I  consid- 
erably. 

eefe':;t  of  sectiot  >te;-ji  point  of  coittraelexure. 

The  sections  ne^ir  the  -ooint  of  contraflexture  have  stresses  which 
do  not  r-^ach  the  ultimate  tensile  strength  of  concrete.   Hence  the 
full  section  is  effective  for  I  .    All  other  things  being  equal, 
the    I   of  such  sections  is  about  twice  the  value  of   I  of  a  section 

under  maximum  stresses.   (Compare  results  in  previous  examples) 
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EEPECT  OF   T.  ACTION 
Bearae  are  often  designed  with  T   flanges  to  help  t:^.ke  compression. 
The   T   flangee  influence  the   I   of  the  section  try 

1.  concentrating  the  conpreseive  area  nep.rer  the  end  of 
the  "beam,  thus  increasing  I^ 

2.  decreasing  the  depth  of  the  beaia,  which  decreases  I  and 

3.  increi-sing  the  amount  of  reinforcing  steel,  which  in- 
creases  I. 

The  follov;ing  examples  are  worked  out  in  order  to  find  the  coralDined 
influence  on  I   of  all  thece  factors.    The   I's  of  T  teams  are 
compared  with  the   I   of  a  simple  tieain  of  the  same  resisting  moment. 

Assume  a  simple  beam  as  whown  in  Fig,  23,    /?=  Jz>^32.   '•0104, 
n  '^  15,      k  ~   .424,    j  -=.859,    fc=  750  Ihp.  per  sq.  in.,  kd=13.6 
in. 

Resisting  moment  =  ix7  50  x  ,424  x  .859  x  12  x  32  x  32  =  1676000  in. 

lbs.       f3=  J^l^^°°-     =    15240  lbs,  loer  sq.  in. 

The  moment  of  inertia  of  the  section  is 

1/3  X  12  X  13.6  X  13.6  :c  13.6     =   10000 
4  X  15  X  18,4  X  18.4  =^   20300 

/  «     30300  in.^ 

Exampl e  5    The   T  beam  has  the  pame  stresses  as  the  simple  beam. 
Case  a-     t  =  &|-  in.  ,    b  =.  45  in. 

Case  b.     t  •=  &|-  in.,    b  =  34  in. 
Case   c-     t  ;=  3-^  in.,    b  =  33  in. 

EXAl/IPLE  6    Concrete  stresses  in   T   beam  smaller  than  in  simple  beam. 

Case  a  .     t  =^  &|-  in.  ,    b  •=45  in.  ,    d  s=  20  in. 

Care  b  .     t  -^  5^   in.  ,    b  •*>-  45  in.  ,    d  ;:=  26  in. 
The  cross  sections  for  examples  5  and  6  are  shown  in  Figs.  24  and  25. 
The  work  is  tabulated  on  page  ^3. 
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These  examples  show  that  when  a  heain  utilizes  the  full  value 
of  the  T  flanges,  that  is  when  their  compressive  stress  is  equal 
to  that  of  a  si'rple  'beain  with  the  s?.ne  resisting  moment,  then  I 
is  reduced  considerably.    The  longer  the  T  flanges  (when  fully 
utilized),  the  smaller  d  and  hence   I.    With  a  thinner  slaTo, 
d  is  not  reduced  so  much  and  I  is  raised  so;>iewhat.    \71-ien,  how- 
ever, the  full  value  of  the  T  flanges  is  not  used,  then   I   may 
be  increased  until  it  equals  (  cr  even  exceeds)  the  I  of  a  simple 

beam  with  the  sa.me  resisting  moment. 

Other  variables  entering  in  the  design  of  T  beams  will  not 
change  theee  conclusions. 

C.   APPLIGATIOTT  TO  FIXED  BFAI.TS. 

The  moments  at  the  supports  of  a  fixed  berun  depend  on  I 
of  the  beam.    Ordinary  formulas  usually  assmne  a  uniform   I. 
But,  as  was  ehovm  before,   I   varies  throughout  the  length 'of 

the  beam.    By  means  of  the  equations  derived  in  Chapter  V,  it 

is  possible  to  study  the  effect  of  varying  I   on  tne  moments 

at  the  supports  of  a  fixed  beam. 

EXM1PLS  7 

Let  A  B  be  a  fixed  beam  \vith  a  uniform  load  of  w  lbs.  per 
ft.    Assume  a  variation  of   I   as  shown  in  Fig.  26  which  is  in 
accordance  v;ith  the  conclusions  drawn  froin  previous  examples. 

The  moment  at  the  support  of  a  fixed  beam  is  (from  chapter 

v/here  ^   is  the  area  of  the    y      diagram  of  a  simple  beam 

with  the  same  load  and  ^        is  the  moment  of  that  area  about 

I 
A. 


6f 


The  moment  at  any  point  due  to  the  load  14/  lbs.  per  ft.~(^^^cwc^, 

Ll-     at  any  -ooint  =  ^^^ ^  .^ojc^.  The  area  of  the^diagram 

Z  ^^       ZI  A        ^ 

'    ~^^    ^  zz    " 

The  moment  of  this  area  atout  A  =  I  uj^x'^c/k    _   f  w X  <:^K 

Hence  C^^  ^  -^  2-Ll^    /  ^^/^  /  ^^.J^,  /  zJ:  J  i      _     J  -^r  /  1^  /  1  /  T     ^/jj 

Tine   work  is  tabulated  on  page  66.    When  uniform  I   is  as;-umed, 
/*  ^—(d^  -     -/^H^.         Hence,  considering  varying  I   gives  a 
m&nent  at  the  support  ^^^-j^^      or  12,5^  higher  than  the  usual  value. 
5/ nee  the  haunch  has  a  higher  value  of   I   than  thekiddle  part, 
the  moment  at  the  support  will  always  te  higher  than  ^tL^  . 
EXMg^LE  8 

Let  A.  B  Toe  a  fixed  beam  with  a  concentrated  load  P  acting 
at  the  middle  of  the  beam.    The  variation  of  I   is  shown  in  Pig. 

27.    The  moment  at  any  point  to  the  left  of  the  load  ^  -^^       ; 
to  the  right  of  the  load  =:^  ^-/^-^' •  l!i     at  any  point 

to  the  left  of  the  load^  ^    ;   to  the  right  of  the  load^j^-jr^'^/ 
The  area  of  the  Q       diagram  -/  j^^/  ^/M"- 72^   .   The  moment  of 
this  area  about  A  =/  ^^^-       ^(x-^A  )JX-        //e/?ce 


The  work  is  tabulated  on  page  66/   Comparing  the  value  found  on 
page  66   with  the  usual  value  of  ^  of- /,5'/^  {^"^/^j,    s,n  increase  of 
/' yS"/^,^    /(,,7%  ^"^  found. 
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EXAI^CPLE  9 


Let  A  B  be  a  fixed  'beam  with  a  concentrated  load  P  placed 
4  ft.  from  the  support  A.    Let  the  variation  of   I   "be  as  in 
Fig.  28.    The  moment  at  any  point  to  the  left  of  the  los-d.-'^^^^j 
to  the  right  of  the  load-^^'/5r-  /^{x^'4-)  '"^-  ^ 

to  the  left  of  the  load  ^  (^if  ^ 

Jt-^,^ _    /^l)(''4)       _   The  area  of  the   ^        diagram 
The  moment  of  this  area  about  A'   ^T^-^ioi*-/  ^■^[^"Vr^v     Hence 


The  ^  at  any  point 
to  the  right  of  the  lead 


0   - 


p 


The  work  is  tabulated  on  page  66 

The  value  of  the  moment  rat  the  support  assuming  a  uniforin  I 

j=:  " _L_^or  - /'7S F (a-^A).    Hence  the  moment  found  on  page  6"  is 

=  23.6^  higher  than  the  v-ilue  found  in  the  usual  way. 
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These  examples,  where  the  variations  of   I   were  taken  at 
about  what  they  would  be  for  the  average  case,  show  that  the  mo- 
ment coefficients  used  for  fixed  beams  are  too  low  when  applied 
to  concrete  beams.    This  includes  all  fixed  concrete  beams  hav- 
ing haunches  at  the  supports. 

Studies  of  the  effect  of  haunches  on  the  distribution  of 
moments  were  made  in  several  cases.    They  all  assume  one  value 
of   I   to  be  coneto.nt  fro'n  the  supports  to  the  points  of  contra- 
flex\ure  and  another  between  the  pointb  of  contraflexure. 
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p.  E.  Stevens  *   v.'Orks  out  curves  giving  the  ratio  of  the 
moment  at  the  center  to  the  moment  at  the  support  in  terms  of  the 
ratio  of    I    at  the  center  to    I    at  the  support.    He  as- 
sumes the  case  of  the  middle  span  of  a  heara  continuous  over  many 
supports  loaded  with  a  uniforin  load.    It  is  interesting  to  note 
that  he  assumes  the  I   of  a  section  to  te  proportional  to  the 
amount  of  steel  in  the  section.    He  thus  gives  no  consideration 
to  the  influence  on   I   of  an  increase  in  depth. 

Prof.   R.  E.  Spaulding     v/orks  out  two  cases: 

1,  Beam  fixed  at  both  ends. 

2.  Beam  fixed  at  one  end  and  sinply  supported  at  the 
other. 

In  "both  cases  one  value  of   I   is  arsu-ned  for  sections  between 
supports  and  points  of  contraflexace  and  another  value  for  sections 
between  the  points  of  contraflexure.   Prof.  Spj?ulding  plots  curves 
showing  the  value  of  the  moment  at  the  support  and  the  moment  at 
the  center  for  varying  ratios  of   I   at  the  support  to   I   at  the 
center.    These  curves  are  reprinted  in  G.  A.  Hool's  "Reinforced 
concrete  uonstruction   Vol.  2,  page  391  and  in  G.  A.  Hool  and 
N.  C.  Johnson's  "Concrete  Engineers'  Handbook",  page  340.    Prof, 
R.  E.  Spaulding  states  that  his  results  can  be  applied  to  condi- 
tions met  with  in  building  construction. 


In  the  Trans.  A.  S,  0.  t=:.  ,  vol.  60,  page  496 

"Moments  in  Continuous  Reinforced  Concrete  Beams  under  Uni- 
form Loading"  ,  by  Prof .  R.  E.  Spaulding,  Eng.  ITews ,  Sept.  30,  1909. 
Also  Prof.  R.  E.  Spaulding 's  Letter  to  the  Editor  in  the  Eng.  News, 
Jan.  13,  1910  . 
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These  curves  (Mr.  Stevens'  and  Prof.  Spaulding' s J  do  not 
cover  the  subject  completely  because 

1.  they  do  not  consider  concentrated  loads, 

2,  they  do  not  take  care  of  unsymmetrical  beams 
since  they  assume  the  i  of  both  haunchee  equal. 

D.  APPT.TOATIOF  TO  7RAT.!ES. 

Just  as  the  moment  at  the  support  of  a  fixed  beam  is  influ- 
enced by  unequal  I '  s  at  the  haunch  and  at  t?ie  center,  so  is  the 
inouient  due  to  a  rigid  joint.    The  equations  derived  in  Chapter  V 
can  be  applied  to  any  case  of  a  beam  or  a  colu/iin  when  the  varia- 
tion of   T   is  known. 

It  is  desirable,  however,  to  esttiblishshort-cuts  and  test 
their  degree  of  correctness  by  the  equations  of  Chapter  Y. 

Usually  there  are  points  of  maximum  and  minimum  moments  in 
beams  and  columns.    At  the  point  of  maximum  moi.ient,  the  section 
effective  for  I   is  the  smallest;    at  minimum  moment,  the  full 
section  is  probably  effective.    Thus  a  section  ai:  the  haunch  of  - 
a  beam  has  only  a  part  of  it  effective  for   I.   A  section  in  the 
middle  of  a  bean  is  also  only  partly  effective;   it  usually  has 
less  depth  than  the  section  at  the  haunch,  or  it  has  T  flanges; 

hence  its  I   is  le&s  than  that  of  the  haunch  section.    At  the 
point   of  contraflexture  the  full  section  is  effective  and  its 
I  is  greater  than  that  of  the  center  and  possibly  that  of  the 
haunch. 

But  their  influence  on  the  I  of  the  beam  is  not  the  same. 
In  going  back  to  Chapter  V  ,  it  is  noticed  that  the  equations 
are  based  on     c/V   _  /V 
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/V 
TliUB  the  moments  at  the  joints  depend  on   -c;-       .   The  mo- 
ment at  the  point  of  contraflexure,  where  the  full  section  is 
used  for  I,  is  zero;   near  that  point  it  is  very  small.  Hence 
^   at  and  near  the  point  of  contraflexure  is  very  small  and 

will  influence  the  results  only  to  a  small  extent.      i-    at 

I 

the  haunches  or  at  the  center,  where  the  moment  is  a  maximum, 
has  a  large  influence  on  the  resultant   I   of  the  beam.    This 
gives  a  basis  for  reducing  the  number  of  variations  of   I   it  is 
necessary  to  consider.    Mr.  8.  ■^.  Thompson  st.-t^is      in  a 
letter  to  the  Editor  that  considering  the  variations  of   I   froxn 
point  to  point,  neglecting  the  cracked  parts  of the  sections,  hence 
considering   I   a  maximum  at  the  points  of  contraflexure  and  from 
there  as  varying  to  a  minimum  s-t  points  of  larg-'st  moments,  he 
obtained  results  quite  close  to  those  of  Prof.  R.E.  Spauiding  who 
used  only  one  value  of   T   from  supports  to  points  of  contraflex- 
ure and  another  between  ^ooints  of  contraflexure. 

Hence  the  only  place  in  a  be;5jfi  where  the  full  Section  can 
be  used  for  I  has  little  influence  on  the  resultant  I  of  the 
beam. 

An  examination  of  the  equatiors  of  Chapter  V  will  shiow  that 
I  enters  into  the  denominator  of  the  various  suimri'itioris.   As  they 
stand, none  of  these  summations  can  be  canceled  out  of  the  ex- 
prescion;  nor  can  that  be  done  with/".   That  is,  a  value  of  y- 
assumed  so  ae  to  m/ike  ■!;:  jxdx^  j  ^i£^ ^  will  not  necessarily  make 

//^Vx^/xVjf     ,,^^     -ifc/x^/^. 


Eng,  'New-^,  Jan.  13,  1910 
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Again  a  value  of—  such  as  tc  nike  ^  J  i^  <^  ^  -  ^    — ^       ^  villi /jot 
m£ace///r=/^        ,  nor///r-y.r  =/^,      Hence  no  value 
of  rr   (and  therefore  of  l)  can  be  found  which  can  "be  t.iken  out 
of  the  summation.    This  means  that  no  exact  average  value  of  I 
for  a  Tjeam  with  a  varying  I  is  possible . 

The  following  examples  will  show  how  close  the  moments  oh- 
tained  Toy  several  methods  of  approximating  the  average  I  come 
to  the  actual  moments  as  ohtained  hy  the  modified  slope  deflec- 
t  i  0 '.T  e qua t  i  c n s  ( Chap "^ec   "7 ) 
SXAIJIPLE  10 

To  find  the  raoment  at  the  joint  A  of  an  unloaded  ijeam  A  B 
The  variation  of  I  is  shown  in  Fig.  29. 

The  point  of  contraf lexure  is  in  the  middle  part  of  the  "beam. 
In  that  part  the  full  section  is  effective  for  I  ,  hence  it§ 
I  was  t^icen  at  twice  the  value  of   T  of  the  other  part. 

Case  a.    Ur-e  the  luodified  r.lope  deflection  equations  (Chap- 
ter V)  .    This  caf-e  gives  the  moment  at  the  joint  when  due  con- 
sideration is  given  to  the  variation  of  I   through  the  Toeam. 

Case  h.    Assunie   I  at  the  point  of  contraf lexure  to  oe 
the  same  as  at  the  support,  thus  giving  a  uniform  I.   This  case 
shows  how  a  change  of   I   at  the  point  of  contraflexure  influences 
the  moment  at  the  joint.     * 

Case  c.  Use  I  of  the  full  section.  This  will  make  I 
at  the  support  about  twice  its  original  value  or  equal  to  I  at 
the  point  of  contraflexure. 

The  v.'ork  is  shown  on  page  72. 

A  comparison  of  the  results  of  the  three  cases  shows  that 
aBS\i:"aing  at  the  point  of  contraflexure  only  a  part  of  the  section 
effective  for   I   gives  results  very  close  to  the  actual. 
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Using    the   full    section    thrjughout    changes    the   raoinent   at    the 
joint    consideraTDly,         TTote    that    it    is    impossiole    to   find   a 
value    of  I   for  10a  to  mske    the    exprc5'"ion   inside   the   parenthe- 


sis   -  2$^+Os-^ 


This    is   another   proof    of    the   iiupos 


sitility    of  €indinc   an    exact   average  value    of    I    for   a   heaM  with 
a  varying  I . 

EX'UCPLji:  11  . 

To  show  influence  of  I  at  points  of  inaximum  moment  and  min- 
imum moment  on   I   of  the  hea-m.    Let   A,  B  "be  an  unloaded  "beam 

restrained  at  the  ends.    The  variation  of   I   is  as  shown  in 
Pig.  30  a.   The  I's  are  assumed  such  as.  to  give  the  usual  r3.tios 
of  I  at  support  (part  section)  to  I  at  point  of  contraflexure. 
(full  section)  with  variations  "between  these  extremes.   Note 
that  the  "bean  is  not  syni'-aetrical  a"bout  its  middle.    Per  an 
unloaded  "oe'-u-i  the  point  of  contraflexure  is  in  the  middle  pa,rt 
of  the  beam. 

Case  a.   Modified  equations,  actual  variation  of  I. 

Case  1).    I  near  point  of  contraflexure  reduced  50^. 

This  will  show   the  influence  on  the  moment  -^t  the  joint 

of  assuming  only  p^rt  of  the  section  effective  for   I   at  point 

of  contraflexure. 

Case  c .   I  near  supports  increased  lb%   to  show  influence 
on  I  of  beam  due  to  sections  near  surports.    This  increase 

makes  1  Tlmo^t  equal  to  I  of  a  full  sectnon. 
Case  d.    To  show  influence  of  I  at  supports,  I  at  each 
support  is  assumed  constant  over  \    of  the  "beam. 

Ca.se  e.    The  average  of  the  various  -r;  5  of  the  "beam,  was 
inverted  and  used  as  a  uniform  I. 
Case  f .    The  average  of  the  -^  va: 
inverted  and  used  as  a  uniform  I. 
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Cases  a  to  d  were  solved  by  using  the  raodified  slope  deflection 
equations,  while  cases  e  and  f  —  "by  using  the  ordinary  et-uations. 
The  work  is  tabulated  on  g^ige   74.   Note  again  that  for  cases  a 
to  d,  the  moment  equation  cannot  be  put  into  the  form  ^^L^^A^^a~^J> 
no  factor  corrinion  to  the  coefficients  of  ^,'^5   and  ^  can  be  found. 

However,  for  purposes  of  coiaparieon  a  factor  wf:  £  used  for 
each  of  cases,  a  to  d    w':ich  approximates      the  above  men- 
tioned condition.    This  factor  was  found  by  talcing  an  averati;e 
of  the  coefficients  of  0,  ,    ^g      -'^nd  ^. 

A  comparison  of  the  equations  for  moments  at  the  joi'-jts  and 
of  the  factors  mentioned  above  shows  that  using  part  sections 
for  I     throUf-rhout  the  bea'n  rme  th.er  by  the  modified  equations 
or  by  the  ordinary   gives  results  which  are  -"bout  10/^  off  from 
the  correct  results.    By  using  the  full  section  throughout  the 
beam,  results  are  50-60;^^  off. 
EXAIOPLE  12. 

To  show  the  effect  on  the  moment  at  the  joint  OT  "the  vari- 
ous shortcuts  to  the  modified  slope  deflection  equations. 
Let  A  B  C  D  be  a  frame  (see  Fig.  51)  symmetrical  pbout  a  ver- 
tica.l  line  through  the  middle  of  B  0,  with  a  load  P,  acting 
in  the  middle  of  B  C  .    The   I's  of  the  columns  are  uniform, 
I  of  B  0  is  varying  as  shown  in  Fig.  31. 

Case  a.   Consider  I  varying  as  in  Fig.  31.    Find  the 
moment  at  the  joint  B  by  means  of  the  modified  slope  deflec- 
tion equations. 

Case  b.    Assume  I  of  part  section  throughout.    Then  for 
I  at  the   point  of  contraf lexure  uce  the  value  of  I  at  the 
haunch.    I  is  uniform  and  equals  4-. 
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Case  c.   Assume  I  of  full  section  throughout.    Then  for  I 
at  haunch  use  the  vnlue  of  I  at  the  point  of  contraflexure.I  is 

uniform  and  equals  8. 

The  work  is  shov/n  on  pages  76  and  77.    From  the  copiparison  of  re- 
sults it  can  Toe  seen  that  usir.f-  the  full  section  for  I  throughout 
gives  a  result  18^  in  error;   using  the  part  section  -  only  1% 
EXAlgLE  15. 

To  find  the  effect  on  the  moiaent  at  a  joint  of  the  various 
shortcuts   to  the  modified  slope  deflection  equations.     Given 
a  symmetrical  frame,  Pig  32,  with  a  horizontal  load  acting  in 
line  vvith  the  top  of  the  frame.    The  I  of  the  columns  is  uniform. 
The   I   of  the  top  is  about  what  it  would  "be  in  the  average  cape. 

Cape  a.   Find  moment  at  joint  B  by  mep.ns  of  the  modified 
slope  deflectJon  equcnticns.    I  of  top  varies  as  shown  in  Fig.  32a 

C-^se  b.    Use  part  of  section  for  finding  I  ne;.ir  point  of 
Gontraflexttre ,  thus  reducing  its  I  50^,  and  making  it   equal  to 
the  value  of  I  of  the  sections.    next  to  the  haunch..    Solve 
by  the  modified  slope  deflection  equations.    Fig.  32  b. 

Case  c.    Assume  I  at  haunch  to  be  uniform  for  the  member. 

Case  d.    Assume  I  of  section  next  to  haunch  to  be  uniform 
the  member. 

Case  e.    Use  for  I  of  the  beam  the  value  of  I  au  the 
point  of  contrafley-ure;   thus  using  the  full  section  as  effec- 
tive for  I . 
(The  work  is  shov/n  on  p.?ges  78,  79  ■^■.•at   60.) 

A  comparison  of  the  results  will  show  that  to  asKume  that 
I  at  the  hii.unches  .'^nd  nenr  the  haunches  predominates  in  its  in- 
fluence on  I  of  the  beam,  gives  results  close  to  actual. 
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E.   CONCLUSION. 

5'roin  the  previous  examples  and  their  discussion,  the  follow-, 
ing  conclusions  mny  te  drawn: 

a.   Using  the  full  section  as  effective  for  I  throughout 
a  "beam  gives  results  greatl;/  in  error. 

"b.   Neglecting-  the  concrete  in  tension  as  effective  for 
I  gives  results  close  to  actual. 

c.  For  the  I  of  the  beam,  the  sections  near  the  point 
of  contraflexure  have  little  influence,  the  sections  at  maximum 
stress  have  the  most  influence. 

d.  An  exact  average  I  of  a  heaia  v/hose  sections  have  a 
varying  I  is  impossilDle. 

e.  Using  an   I  for  the  "berim  found  by  averaging  the  I's 
of  its  most  stressed  sections  gives  results  quite  close;  uo  .'.ctual. 

f.  Better  results  are  oL':  lined  when  in  finding  I  of  a 
beam,  the  average  I  of  the  most  stressed  section  is  increased 
somewhst  (to  allow  for  the  influence  of  I  st  the  point  of  con- 
traflexure). 
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PAET  II. 

APPLIGATIOlfS   TO  THE  DE3IG1  OP 
THE  ROOSEVBIT  ROAD  VIADUCT. 
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CHAPTER  711. 
GENERAL  DBSCRIPTIOH  MD   HISTORICAL. 

The  Roosevelt  Road  Viaduct  extends  from  Wabash 
Avenue  to  Caaal  Street.  It  consists  of  three  parts: 
a  Tiaduot  from  Wabash  Avenue  to  the  Chicago  River, 
called  the  East  half;  a  single  leaf  bascule  bridge 
across  the  River  providing  for  140  feet  olear  chan- 
nel  and  a  viaduct  from  the  River  to  Canal  Street 
called  the  West  half. 

The  east  half  of  the  viaduct  consists  of  a  E19 
foot  filled  approach  (Ea^t  Approach)  and  1788  feet 
of  viaduct  including  the  State  Street  crossing  which 
consists  of  three  arch  spans.   The  eaat  half  of  the 
viaduct  is  reached  by  two  crossing  streets,  Clark 
and  Wells.  The  North  Approach  on  Clark  Street  con- 
sists of  a  602  foot  filled  part  and  234  feet  of  via- 
duct; the  south  Clark  Street  Approach  consists  of  a 
700  foot  filled  part  and  185  feet  of  viaduct.  The 
Wells  Street  Approach  consists  of  a  ramp  abt.  850  feet 
long.  The  East  half  is  designed  and  built  by  the 
City  of  Chicago. 

The  bascule  bridge  across  the  Chicago  River  pre- 
sented a  complicated  problem  for  the  following  reasons; 

1.  Possible  diveraion  of  Chicago  River  Channel, 

2.  High  land  damages  of  railroad  property  on 
the  Bast  bank  of  the  Chicago  River. 
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The  solution  of  the  protlem  and  the  various  conditions  involved 
in  it  are  explained  in  an  article  by  Mr.  H.  E.  Young,  Engineer 
of  Bridge  Design,  City  of  Chicago,  in  the  Engineering  World  of 
July  1,  1919.    (The  "bridge  is  designed  by  the  City  and  will  be 
built  by  contract). 

The  West  half  of  the  viaduct  consists  of  1072  feet  of  via- 
duct and  a  245  foot  filled  approach.   The  West  half  is  reached 
by  Lumber  St.  Ramp  Just  west  of  the  river.    It  is  designed  and 
built  by  the  Chicago  Union  Station  Co. 

This  work  concerns  itself  only  with  the  East  half  of  the 
viaduct. 

In  accordance  with  the  12th  Street  Improvement  Ordinance 
(July  2,  1914)  plans  were  made  for  a  steel  viaduct  encased  in 
concrete.   But  when  the  plans  were  completed,  building  oper- 
ations could  not  be  started;   due  to  the  war,  steel  was  scarce 
and  deliveries  were  uncertain.   This  led  to  making  a  study  of  a 
concrete  viaduct.   The  first  study  brought  out  the  fact  that  a 
cDncrete  viaduct  could  be  built  for  75^  of  the  cost  of  the  steel 
viaduct.    This  and  other  advantages  of  the  concrete  viaduct 
over  the  steel,  such  as: 

1,  For  a  steel  viaduct  shop  plans  have  to  be  made, 

2,  Time  has  to  be  wasted  while  the  steel  is  being  fab- 
ricated, 

3,  Reinforcing  steel  could  easily  be  obtained, 
led  to  the  adoption  of  the  concrete  viaduct. 
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According  to  the  ordinance,  the  railroads  going  un- 
derneath  the  viaduct  have  to  maintain  it.   The  agree- 
ment of  these  railroads  to  the  adopted  change  had  to  he 
obtained.  This  was  difficult;  but  after  pressure  was 
brought  on  them  by  the  Chicago  Plan  Commission,  an  agree- 
ment was  reached  on  the  following  conditions; 

1.  The  number  of  bents  in  the  concrete  viaduct 
would  not  exceed  the  number  in  the  previous 
steel  design. 

2.  The  columns  a.re  to  be  only  2  feet  8  inches  v/ide 
A  design  for  the  concrete  viaduct  was  then  made. 

It  followed  closely  the  steel  design.  It,  in  fact,  mere- 
ly replaced  the  steel  beams  by  concrete.   The  analysis 
was  based  on  the  three  moment  theorem,  with  assuiaed  val- 
ues of  bending  moments  at  the  end  supports,  that  is,  at 
the  expansion  joint  coluinns. 

In  February,  1919,  a  new  design  was  worked  out  by- 
Mr.  H.  R.  Leffler.   The  design  gives  lines  that  are 
adapted  to  a  concrete  structure.   After  considerable 
study  by  the  Chicago  Plan  Commission,  it  was  adopted 
as  the  desi^-^n  for  the  Concrete  Viaduct. 
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CHAPTER  YIII. 
fEATUEES  OF   THE  DESIGU. 

The  Twelfth  St,  Improvement  Ordinance  calls  for 
maintaining  traffic  during  the  construction  of  the 
viaduct.  To  accomplish  this,  it  was  thought  best  to 
design  the  viaduct  in  two  longitudinal  halves.  While 
the  south  half  is  under  construction,  traffic  will  be 
maintained  On  the  present  steel  viaduct.  After  the 
south  half  is  built,  the  traffic  will  be  shifted  to 
the  south  half,  and  the  north  half  built. 

The  original  reinforced  concrete  design, as  dhown 
in  Exhibit  A,  called  for  longitudinal  stringers  fram- 
ing into  floor  beams,  which  in  tiirn  framed  into  col- 
umns arranged  in  two  longitudinal  rows  (for  each  half  ). 
The  new  design,  as  shown  in  Exhibit  B, combined  all  these 
stringers  into  two  longitudinal  girders  framing  into 
two  rows  of  columns.   The  slab  in  the  former  design, 
although  having  short  spans,  had  to  be  made  heavier 
than  required  for  the  stresaes  in  order  to  get  a  min- 
imum thiclaiess  considered  to  be  good  practice  for  slabs 
exposed  to  impact.   In  the  latter  design  the  slab  spans 
a  greater  distance,  and  the  calculated  slab  thickness 
could  be  used  after  making  allowance  in  the  live  load 
for  impact.   At  intervals  of  about  thirty  feet  a  con- 
crete beam  is  placed  across  the  girders  to  stiffen 
them  and  make  them  act  together. 
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In  the  new  design  the  structure  is  essentially  a  slab 
resting  on  two  girders,  with  the  sidewalk  and  street 
car  slabs  cantilevered,  thus  giving  in  effect  a  three- 
span  continuous  and  partly  fixed  slab. 

The  combining  of  several  stringers  into  two  beams 
decreased  the  beam  surface  and  simplified  framework. 
This  simplification  is  of  especial  importance  since 
the  viaduct  is  over  railroad  tracks  and  interference 
with  railroad  traffic  is  thus  avoided.  Fewer  beams 
also  simplify  the  laying  of  the  reinforcing  steel. 
The  smaller  quantity  of  concrete,  simpler  foira  work 
and  placing  of  the  steel  reduce  the  cost  of  the  struc- 
ture. 

The  new  design  adapts  itself  more  readily  to  anal- 
ysis as  a  rigid  frame,  the  girders  being  stiffened  as 
well  as  supported  by  the  columns.   In  the  old  design, 
the  stringers  are  continuous  over  their  beam  supports, 
but  the  degree  of  stiffness  of  the  support  is  diffi- 
cult to  determine. 

From  the  architectural  viewpoint  the  new  design 
possesseslcertain  advantages.  The  old  design  is  an  imit- 
ation of  a  typical  steel  design  with  short  spans  for 
slabs  and  many  stringers;   it  is  in  fact  the  same  in 
appearance  as  a  steel  structure  encased  in  concrete. 
The  new  design  is  adapted  specifically  to  concrete;  it 
i3  massive,  has  few  and  simple  but  graceful  lines.   It 
eliminates  the  great  number  of  unsightly  beams  under- 
neath the  structure,  substituting  for  them  arched  gir- 
ders blending  into  the  colttmns;  it  also  does  away  with 
brackets  supporting  cantilever  sidewalk  beams. 


Chapter  iz. 

advisability  of  usihg  thb 
slope- deflectiom  method. 


The  usual  method  of  analyzing  continuous  girders, 
the  three  moment  theorem,  is  inadec[uate  for  this  struc- 
ture. In  reinforced  concrete  design,  methods  which  do 
not  take  account  of  the  rigidity  of  the  connections  are 
not  quite  accurate  and  do  not  give  a  correct  idea  of  the 
distribution  of  tension  in  concrete,  which  is. a  matter  of 
great  importance  to  a  structure  of  this  type. 

fifhile  the  three  moment  theorem  does  not  give  an  ad- 
equate distribution  of  tensile  stresses  in  the  girders, 
the  details  oan  still  be  ta:fcen  care  of  by  placing  steel 
in  excess  of  requirements  and  extending  it  to  a  safe 
distance  beyond  the  probable  point  of  contraflexure. 
This  is  not  economical,  but  it  is  the  usual  practice. 

However,  the  columns  present  a  different  problem. 
The  railroad  tracts  under  the  viaduct  are  spaced  close 
together  and  square  columns  of  the  required  area  could 
not  be  used.  The  section  adopted  is  6  feet  7  inches  by 
2  feet  8  inches,  the  E  foot  8  inch   dimension  being  in 
the  direction  of  the  viaduct.   Columns  of  such  dimensions 
are  quite  rigid,  stiffening  the  girders  to  a  certain  ex- 
tent, and  as  a  result  taking  bending  moments.   Por  «i 
moving  load,  where  only  one  panel  is  loaded,  the  col- 
ximns  supporting  that  panel  get  heavy  bending  moments. 


The  oolitmns being  comparatively  shallow  (only  two  feet 
8  inches),  it  is  quite  important  to  ascertain  the  re- 
sulting stresses  in  order  not  to  overstress  the  colxunns. 

Another  important  factor  is  the  temperature  varia- 
tion.  The  expansion  joints  are  located  SOO  to  E40  feet 
apart.  This,  in  conjunction  with  the  fact  that  the  spans 
between  the  expansion  joints  are  by  no  means  symmetrical, 
gives  rise  to  high  temperature  stresses.  The  usual  prac- 
tice is  to  analyze  these  stresses  by  assuming  the  amount 
of  contraction  or  expansion  to  be  equal  to  the  deflec- 
tion of  one  end  of  the  column  which  is  held  rigid  at 
its  other  end,  and  by  figuring  the  stresses  which  would 
cause  such  a  deflection.  This  method  is  primitive  and 
cannot  inspire  confidence  into  the  results  obtained  by 
it.  Due  to  their  shallowness,  the  columns,  are  apt  to 
become  highly  stressed  from  moments  acting  on  them. 
The  necessity  of  a  rational  analysis,  the  results  of 
which  would  give  a  correct  idea  of  the  stresses  in  the 
columns  is  obvious* 

The  slope  deflection  method  gives  a  rational  anal- 
ysis of  the  structure.  It  gives  the  extent  of  tensile 
stresses  in  the  girder  due  to  moving  live  loads,  and 
also  the  moments  in  the  columns  due  to  live  loads  and 
temperature  variations. 
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CHAPTER  Z. 
CALOULATIOIJS  FOR  TYPICAL  SEGTIOU. 

The  section  chosen  to  illustrate  the  application 
of  the  slope  deflection  method  is  one  just  to  the  east 
of  Clark  Street  between  bents  21  and  25.  Its  general 
dimensions  are  shown  in  Figure  33     Page  9^    . 

Points  A-A  in  Figure  -^^  are  connected  by  a  cir- 
cular curve.   The  ordinate  to  this  curve  from  the  mid- 
dle of  the  chord  connecting  A-A  is  given  as  the  camber 
distance.  This  camber  is  made  partly  to  take  up  deflec- 
tion but  mostly  to  counteract  an  optical  illusion,  which 
would  make  line  A-A  appear  sagging  when  viewed  from  a 
distance.  The  camber  is  1/2  inch^ every  12  feet  of  line 
A-A. 

A.   PRELIMINARY  ASSUMPTIONS. 

1.  It  is  well  known  that  all  methods  of  analy- 
zing statically  indeterminate  structures  depend  on  the 
elastic  properties  of  the  frame  and  require  a  knowledge 
of  the  sections  and  the  distribution  of  material  in  the 
sections.   In  other  words  the  moment  of  inertia  of 
the  sections  of  the  various  members  of  the  frame  must 
be  known. 

In  analyzing  statically  indeterminate  structures, 
it  is  usual  to  assume  the  sections,  based  upon  some 
approximate  computations,  calculate  the  moments  of 
inertia  and  then  use  these  values  in  the  analysis. 
With  the  aid  of  the  stresses  found  by  analysis,  the 
assumed  sections  are  reviewed  and  where  necessary, 
changed. 

S/ 


These  changes  mean  a  change  in  the  moments  of  inertia. 
But  Tisually  such  changes  are  relatively  small  and  do  not 
affect  the  stresses  seriously.  When  the  approximate  dis- 
tribution of  moments  of  inertia  throughout  a  frame  is 
loiown,  it  takes  a  comparatively  large  change  in  the  mo- 
ment of  inertia  to  make  an  appreciable  change  in  the 
stresses.  *     With  practice  it  becomes  possible  to  choose 
the  sections  by  approximate  design  so  that  no  material  changes 
will  be  required. 

In  the  present  example  the  sections  were  chosen  in 
the  following  way:  the  end  supports  of  the  girders  were 
assumed  to  take  a  bending  moment  of  ^^      ,  the  interior 
columns  were  assumed  not  to  influence  the  rotation  of  the 
girders  resting  on  them.   The  three  moment  theorem  was 
applied  to  obtain  the  bending  moments  and  reactions  on 
the  girders.  From  these  and  from  considerations  of  nec- 
essary clearance  for  railroads  under  the  viaduct,  the 
sections  were  chosen;  then  the  reinforcing  steel  cal- 
culated. The  sections  and  the  steel  thus  found  served 
as  a  basis  for  obtaining  the  moments  of  inertia  of  the 
girders. 

*For  effect  of  changing  moment  of  inertia,  see  University 
of  Illinois  Bng.  Exp.  Sta.,  Bulletin  #80,  page  27;  Bulle- 
tin #107,  pages  48  to  54  and  Hool  and  Johnson's  "Concrete 
Engineers'  Handbook,"  pages  421  to  424. 
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The  bending  moments  in  the  colxunns  are  caused  mostly 
by  traction  and  temperature  variations.  A  preliminary  in- 
vestigation by  the  slope  deflection  method  was  made  assum- 
ing for  simplicity  a  symmetrical  layout.   The  bending  mo- 
ments thus  obtained,  together  with  the  reaction  figured 
before,  served  to  indicate  the  amount  of  steel  required 
in  the  columns. 

2.  As  is  seen  from  Mg  S3  ,   page  S^     the  columns 
bear  on  caisson  caps  placed  at  least  nine  feet  below  the 
surface  of  the  ground.  The  weight  of  the  ground  above 
the  cap  and  the  driving  of  the  caissons  consolidate  the 
ground  around  the  caissons;   it  can  be  safely  assumed  that 
this  solid  ground  will  prevent,  to  a  large  extent,  any 
movement  of  the  top  of  caisson  due  to  bending  in  the  col- 
umn.  Since  there  is  reinforcing  steel  well  down  in  the 
caissons,  extending  up  and  dowelling  into  the  columns,  it 
may  be  assujiied  that  the  columns  are  fixed  at  the  caissons. 

According  to  page  628,  article  8-a   of  Hool  and  John- 
son's "Concrete  Engineers'  Handbook",  it  is  safest  to  con- 
sider the  coluiTin  ends  as  fixed  for  vertical  loads,  and  as 
hinged  for  tractive  forces.   In  this  case  the  stresses 
caused  by  traction  are  small  in  comparison  with  those 
caused  by  the  vertical  loads  and  hence  the  stresses  ob- 
tained will  be  on  the  safe  side  if  the  column  ends  are 
assumed  as  fixed. 
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3.  Figure  33    ,    page  S^   shows  that  the  top  of  the  girder 

is  at  a  small  grade.    Also  the  underside  of  the  girder  is  curved 
and  at  a  different  grade  from  the  top.   In  the  analysis,  these 
various  grades  were  neglected. 

4,  In  trying  to  replace  each  member  of  the  frame  by  a  line 
for  the  skeleton  diagram  from  which  the  analysis  is  made,  another 
difficulty  is  encountered.   Such  a  line  should  be  the  neutral  axis 
of  the  member.   But  the  neutral  axis  of  the  girder  or  a  column 
subjected  to  combined  bending  and  direct  stresses  due  to  moving 
loads,  cannot  be  a  straight  line.   The  curve  which  represents 

the  neutral  axis  changes  its  position  and  form  as  the  load  moves 
from  point  to  point.   As  compared  with  the  span  of  the  girders 
and  the  height  of  the  columns  these  variations  of  the  neutral 
axis  from  a  straight  line  are  negligible.     Hence  the  center 
lines  of  the  columns  and  the  lines  joining  the  mid-depths  of  the 
girders  at  points  A  -  A  will  be  considered  as  the  lines  of  action 
for  the  columns  and  girders  respectively. 

B.  LOADS. 

1.  The  dead  load,  consisting  of  the  weight  of  the  slabs, 
railing,  pavement,  cross  girders  and  girders,  is  considered  as 
uniformly  distributed  over  the  girder  span.   Calculations  not 
shown  here,  gave  a  value  close  to  13000  pounds.   Hence  this  was 
adopted  as  the  dead  load  per  linear  foot  of  girder. 

*  Compare  in  Hool  and  Johnson's  '•Concrete  Engineers'  Handbook" 
Type  II,  Case  1  on  page  428  assuming  a  small  grade  of  the  top 
with  Type  III,  Case  2  on  page  789. 
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2.  The  girder  under  consideration  carries  a  side- 
walk and  roadway  slab.  The  live  load  on  these  slabs  is 
given  in  the  specifications  used  in  designing.*      The 
impact  allowance  was  also  made  according  to  these  speci- 
fications.  The  resulting  load  was  considered  as  uniform- 
ly distributed  and  amounted  to  4600  pounds  per  lineal  foot 
of  girder. 

3.  For  the  calculation  of  temperature  stresses  a 
basic  temperature  of  65  degrees  i'ahrenheit  was  assumed  and 
the  effects  of  a  decrease  to  -15  degrees  i'ahsenheit  and  an 
increase  to  105  degrees  Fahrenheit  were  calculated.  The 
expansion  joint  is  made  one  inch  at  65  degrees  Fahrenheit, 
with  a  proportional  variation  when  construction  is  under 
another  temperature. 

4.  The  effect  of  longitudinal  forces,  or  traction, 

was  figured  according  to  the  specifications  mentioned  before, 
G.  DETAILS. 

The  details  required  for  the  calculations  of  the  mo- 
ments of  inertia  are  shown  in  Figure -^^page  ^(^  and  in  the  ac- 
companying blueprints.  Thus  the  general  dimensions  of  the 
girders  and  the  columns  are  shown  in  Figure^-^;,  page.?^  ,  the 
width  of  girders  and  columns  is  shown  on  drawing  #7210;  the 
reinforcing  steel  in  the  girders  is  shown  on  drawings #7230 
and  #7231  ,  and  for  the  columns  is  shown  on  drawing  #7253. 
The  detail  of  the  toee  brace  is  shown  on  drav;ing  #7251. 

^''Specifications  Governing  the  Construction,  Repairs  and 
Rebuilding  of  Viaducts  over  Railroad  Tracks"  issued  by  the 
Bureau  of  Engineering,  Department  of  Public  Works,  City  of 
Chicago,  January,  1917. 
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of  inertia.  Each  column  has  a  point  of  contraflexure 
somewhere  near  the  middle  of  its  length.  For  a  certain 
distance  up  and  down  of  the  point  of  contraflexure  the 
tensile  litresses  will  not  he  high  enough  to  cause  cracks 
in  the  concrete.  For  that  portion  of  the  length  of  the 
column  the  full  section  is  figured  for  the  moment  of  in- 
ertia.  In  the  case  of  column  AF  fifteen  feet  were  fig- 
ured for  the  full  section;  8.1  feet, with  the  neutral  axis 
placed  1.3  feet  from  the  compressive  face  and  7,5  feet, 
with  neutral  axis  1.7  feet  from  the  compressive  face  of 
the  section.   For  column  EK,  18.2  feet  for  the  full  sec- 
tion and  11.6  feet  with  neutral  axis  1.6  feet  from  the 
compressive  face. 

E.  SQUAT  ions  FOR  MOMENTS. 

Figure  if.  Page /(9^  shows  the  skeleton  diagram  of  the 
frame  used  in  the  analysis.   The  dotted  lines  show  the 
deformations  of  the  memhers  due  to  contraction.    The 
deflections  of  the  various  members  for  this  case  are  worked 
out  in  Table  ^   .  The  coefficient  of  contraction  and  ex- 
pansion is  taken  as  .0000066  foot  per  foot  per  degree  F. 
Hote  that  the  coefficients  of  t  are  multiplied  by  100000. 
The  results  are  later  divided  by  100000  to  leave  the  mo- 
ments and  reactions  unchanged. 

The  equations  for  moments  worked  out  in  Chapter  III  are 
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For  ease  of  handling  in  table  7  ,  the  form  of  the  equations 
is  changed  to:  - 

AB  c 

Table  7  contains  expressions  for  moments  at  the  ends 
of  each  member  of  the  frame  shown  in  figure  J-^  page  /OO   , 
Eight  cases  are  considered:  - 

1.  Dead  load 

2.  live  load  on  girder  AB 

3.  "    "   "    "   BC 

4.  "     n    »«     "    03) 

5.  "    "   "    "   DE 

6.  Traction 

7.  Contraction 

8.  Expansion 

Bending  moments  caused  by  expansion  are  equal  and  opposite 
in  sign  to  those  caused  by  contraction. 

The  moments  and  reactions  at  the  joints  are  at  first 
worked  out  in  terms  of  coefficients.   The  coefficient  for 
vertical  loads  in  cases  1  to  5  is  w   pounds  per  foot;  for 
traction  in  case  6  is  Q  pounds  and  for  temperature  varia- 
tions in  cases  7  and  8  is  t  degrees. 
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The  numerical  values  of  the  coefficients  are  as 
follows:  - 

Case  1     ,  W  =^  13000  pounds 
Case  2  to  5,  W  =-   4600  pounds 
Case  6     ,  Q  =  EOOOO  pounds 
Case  7     ,  "t  =     80  degrees 
Case  8     ,  t  =    40  degrees. 
These  values  were  discussed  in  section  "B"  of  this  chapter, 

The  loading  factors  used  in  the  expressions  for  mo- 
ments at  the  j'oints  were  assumed  as  for  girders  with  con- 
stant moment  of  inertia.  Hence  the  loading  factor. 

C  =-  f^'' 
and  is  the  same  for  both  ends  of  the  member. 
Por  girder  AB,   c  =  ^^  ^'"  ^       348  W 


BC, 

C    = 

/z 

313  W 

CD, 

c   = 

276  W 

DE 

c  = 

/z- 

245  W 

g.  GEMERAL  BQUATIOIIS  gOR  THE  gRAMB. 
The  general  equations  in  Table  S       are  obtained  as 
follows.   Consider  joint  B.    Three  moments  are  acting 
at  that  joint:  M^^  ^   M^^    and  M^^   .   For  equilib- 
rium the  sum  of  these  moments  must  equal  zero.   Summing 
up  the  moments  at  the  joints  A,  B,  C,  D  and  E  gives 
five  equations. 
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Consider  the  coltunns  as  free  members..  The  moments 
at  the  top  and  bottom  of  the  columns  cause  horizontal  re- 
actions.  Chapter  IV  shows  how  to  derive  these  reactions 
when  the  moments  are  toiown.  For  equilihrixua  the  sum  of 
the  horizontal  reactions  at  the  foot  of  the  columns  must 
equal  zero  in  cases  1,  2,  3,  4,  5,  7  and  8.   In  case  6 
that  stun  must  equal  Q.  Equation  6  of  Table  8   expresses 
this  condition  of  equilibritun.   Calculations  for  the  hor- 
izontal reactions  are  shown  in  Table.  S     . 

Table  /^  works  out  the  values  of  the  unknowns  in  the 
general  equations  in  terms  of  W,Q  and  t".        These  values 
are  substituted  in  the  expressions  for  moments  at  the 
joints,  thus  giving  moment  coefficients.   See  Table  //  , 
Note  that  in  cases  1  to  6  the  modulus  of  elasticity,  E, 
cancels  out;  but  in  cases  7  and  8  it  does  not.   Since  all 
dimensions  of  the  frame  are  given  in  feet  and  the  moment 
of  inertia  in  ft."*"  ,  E  must  be  expressed  in  pounds  per 
square  foot.   Hence  B  =  288,000,000. 

The  numerical  values  of  the  moment  coefficients  are 
substituted  in  Table  /^  .  From  the  moments  the  reaction 
coefficients  are  worked  out  in  Table  /S    .      The  numerical 
values  of  the  reaction  coefficients  are  substituted  in 
Table  /^ 

G.   GOLUMJ  STH5SS5S. 

With  the  bending  moments  and  the  reactions  on  the 
columns  known,  the  stresses  are  figured  out  in  Tables  /^ 
and  /<^ 
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The  method  of  Turneaure  and  Maurer  in  "Principles  of 
Reinforced  Concrete  Construction"  is  used.  (  See  pages 
287  and  E88,  Second  Edition,  1914.)  Mote  that  both  max- 
imum moments  and  reactions  are  used,  although  the  combin- 
ation of  cases  causing  maximum  moment  will  not  cause  max- 
imum reaction.   Since  the  bending  moment  due  to  temper- 
ature variations  forms  a  large  percentage  of  the  total 
moments  in  the  column  and  since  the  extreme  temperature 
variations  are  of  rare  occurrence,  the  allowable  stress 
in  bending  is  raised  from  750  pounds  per  square  inch  to 
1000  or  1100  poiinds  per  square  inch.* 

The  stresses  at  the  bottom  of  the  column  are  shown 
in  Table  /S   .  The  stresses  at  the  bottom  of  the  curved 
haunch  on  the  column  are  shown  in  Table  /S    (called  the 
top  of  the  column).   The  moments  used  in  this  case  are 
25^  less  than  the  moments  at  the  top  of  the  columns,  that 
is  at  the  intersections  with  the  center  lines  of  the  gir- 
ders. The  distance  from  these  intersections  to  the  bot- 
tom of  the  haunch  is  about  7-|-  feet,  while  the  distance  to 
the  point  of  contraflexure  is  about  18  or  19  feet.  Hence 
a  reduction  of  26?^  is  conservative. 

^Specifications  for  steel  structures  usually  allow  an  in- 
crease of  30^  in  the  unit  stresses  for  loads  not  occuring 
often,  such  as  wind  loads. 
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H.  MOMENT  DIASHAjasr. 

The  momenta  at  the  joints  from  Table  /2   were  used 
to  plot  moment  diagrams  for  the  variotis  cases  of  loading 
on  the  girder.  The  diagrams  for  the  various  cases  were 
combined  into  diagrams  showing  maximum  positive  and  neg- 
ative moments.   See  drawing  f4£fh.l4-3,     prom  these  dia- 
grams the  maximum  moment  at  any  point  on  a  girder  may  be 
obtained. 

I.    DETAILS. 

From  the  moment  diagrams  and  the  reactions  the  rein- 
forcing steel  may  be  easily  calculated.  The  depths  and 
widths  of  the  girders  are  shown  in  the  accompanying  draw- 
ings.  The  details  of  the  frame  are  shown  in  drawings  "^TZ/o, 
/;?//:  7^/2^    7^/t   7^H   ^72  3/^    X^5"-?,  YJZ  S3  c^^^  7^S/. 

J.    REVIEW  Off  MO.\IEIITS  Qg  HIERTIA. 

The  moments  of  inertia  of  the  girders  As  now  rein- 
forced were  calculated  and  found  to  be  practically  the 
same  as  the  moments  of  inertia  used  in  the  beginning. 
Hence  no  changes  in  the  details  had  to  be  made. 
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APPENDIX   I . 

BIBLIOGRAPHY. 
The  following  is  a  list  of  "books  and  articles  dealing  with 
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below. 

A.  Bendixsen,  "Die  Methode  der  Alpha-Gleichungen  zur  Berech- 
nung  von  Rahmenkonstruktionen",  1914. 

Wra.  Gain,  "Determination  of  Stresses  in  Elastic  Systems  By 
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A.  Castigliano,  "Theorie  de  I'Equilibre  des  Systemes  Elas- 
tiques  et  ses  Applications,     1879. 
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P.  V.  Eraperger,  editor,  "Handbuch  Fttr  Eisenbetonbau, " 
1st  and  4th  volumes  of  1st  edition. 

0,  Paber  and  P.G.  Bowie,  "Reinforced  Concrete  Design", 
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I.  Hiroi,  "  Statically  Indeterminate  Structures" 

G.  A.  Hool  and  U.  C.  Johnson,  "Concrete  Engin- 
eers' Handbook",  1918. 

C.  W.  Hudson,  "Statically  Indeterminate  Struc- 
tures", 

J,  B.  Johnson,  C.  W.  Bryan  and  5".  B«  Turneaure 
"Modern  Framed  Structures",  Vol.  2. 
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APPBHDIZ  II . 

note  to  Chapter  II. 

After  Chapter  II  was  printed  the  v/riter  found  in 
C.  E*   Grimm's  "Secondary  Stresses" (1908)  a  proof  of 
the  fundamental  equation  of  "Mohr's  Method"  for  sec- 
ondary stresses.   The  equation  is  derived  hy  a  graph- 
ical-analytical method  making  use  of  the  equilibrium 
polygon;  also  of  EI  and  M  as  forces. 
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